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Abstract
When building a road, it is often necessary to strengthen the underlying soil layer. This strengthening is usually done by adding lime. There
are empirical formulas that describe how the resulting strength depends
on the amount of added lime. In this paper, we provide a theoretical
explanation for these empirical formulas.
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Formulation of the Problem

Need for lime stabilized pavement layers. To have a stable road, it is often
necessary to enhance the mechanical properties of the underlying soil layer. The
most cost-efficient way of this enhancement is to mix soil with lime (sometimes
coal fly ash is also added). Water is then added to this mix, and after a few
days, the upper level of the soil becomes strengthened. The needed amount of
lime depends on the soil.
How to determine the optimal amount of lime. To determine the proper
amount of lime, soil specimens are brought into the lab, mixed with different
amounts of lime, and tested. All chemical processes become faster when the
temperature increases. So, to speed up the testing process, instead of simply
waiting for several weeks as in the field, practitioners heat the sample to a
higher temperature, thus speeding up the strengthening process; this highertemperature speed-up is known as curing.
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Based on the testing results, we need to predict the strength of the soil in
the field for different possible lime amounts – and thus, select the lime amount
that guarantees the desired strength.
Need for formulas describing the dependence of strength on curing
temperature and other parameters. To be able to make this prediction,
we need to know how the strength depends on the lime content L (which is
usually measured in percentage of lime in the dry weight of the mix). To be
more precise, we need a formula with one or more parameters depending on the
soil. We can then:
• determine the parameters based on the testing results, and then
• use the corresponding formula to predict the soil strength.
It turns out that the resulting empirical formulas differ depending on the
porosity η of the mix, i.e., the percentage of voids in the overall volume of the
soil: for different values of η, we have, in general, different dependencies on lime
content L.
Known empirical formulas. The mix is isotropic, so its mechanical strength
can be characterized by two parameters:
• unconfined compressive strength qu that describes the smallest value of
pressure (force over area) applied at the top of a cylindrical sample at
which this sample fails;
• the tensile strength qt is when the force is applied orthogonally to the
cylinder’s axis.
For both types of strength q, the empirical formulas describing the dependence
of strength on η and L are
q = c1 · η eη · LeL ,

(1)

for some parameters c1 , eη , and eL ; see, e.g., [2, 3, 4, 5, 6].
The corresponding constant c1 depends on the dry density ρ. The dependence on ρ takes the form
c1 = c2 · ρeρ
(2)
for some constants c1 and eρ ; see, e.g., [4]. Substituting the formula (2) into
the formula (1), we get
q = c2 · ρeρ · η eη · LeL .
(3)
The above three formulas are supported by a large amount of evidence.
Comment. The strength also depends on the curing temperature T and on
the duration d of curing. However, the dependence of the strength on these
two quantities is less well-studied; see, e.g., [2, 6]. While there are some useful
empirical formulas, these formulas are not yet in accordance with the physical
meaning. For example:
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• When the curing time d is set to 0 – i.e., when there is no curing at all –
we should expect that these formula produce the same non-cured result,
irrespective of the curing temperature.
• However, for d = 0, different existing formula lead to values differing by
the order of magnitude.
Need for a theoretical justification. In real-life applications, we can have
many different combinations of the values of L, η, and ρ, but it is not realistically
possible to test them for all possible combinations of these quantities. It is
therefore desirable to come up with a theoretical justification for these empirical
formulas. This will make the user more confident that the formulas can be
applied to different combinations of the values of these three quantities.
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Our Explanation

Main idea: scale-invariance. Our objective is to explain the dependence of
the strength on the porosity, lime content, and dry density – the dependencies
which are confirmed by a large amount of experiments.
The main idea behind our explanation is that while we are interested in
physical quantities, when we process data, what we process are numerical values
of these quantities, and these numerical values depend on the choice of the
measuring unit. If we replace the original measuring unit with the one which is
λ times smaller, then the physics remains the same, but each numerical value
x get multiplied by λ: x → λ · x. For example, if we replace meters with
centimeters, 2 m becomes 100 · 2 = 200 cm.
Since such “scaling” does not change the physics, it is reasonable to require
that all dependencies remain the same when we change the corresponding units.
Of course, if we have a dependence y = f (x) – e.g., that the area y of a square
domain is equal to the square of its side x (y = x2 ) – then, when we change the
unit for measuring x, we should appropriately change the unit for measuring y.
In other words, for each λ > 0, there should exist a value µ(λ) depending on λ
such that:
• if we have y = f (x),
• then we will have y 0 = f (x0 ) for x0 = λ · x and y 0 = µ(λ) · y.
How to describe scale-invariant dependencies. Substituting the expressions x0 = λ · x and y 0 = µ(λ) · y into the formula y 0 = f (x0 ), we conclude
that
f (λ · x) = µ(λ) · y.
Here, y = f (x), so we conclude that
f (λ · x) = µ(λ) · f (x).
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(4)

From the physical viewpoint, the dependence y = f (x) is usually continuous. It
is known (see, e.g., [1]) that every continuous solution of the functional equation
(4) has the form
f (x) = c · xe
(5)
for some parameters c and e.
How can we apply these ideas to our formulas. At first glance, the above
ideas are not applicable to the formulas (1)–(3), since these formulas deal:
• not with values measured in some physical units – were scaling would
make sense,
• but rather with percentages, i.e., with values for which re-scaling does not
make physical sense.
However, it is possible to apply the scaling ideas if we take into account
that each of these quantities is actually a ratio of physical quantities for which
re-scaling makes sense:
• the lime content L is the ratio of the lime volume VL to the overall volume Vd of the dry mix:
VL
, and
L=
Vd
• the porosity η is the ratio of the total volume of voids Vv to the total
volume V :
Vv
.
η=
V
From this viewpoint, for each sample:
• the dependence of the strength q on the lime content takes the form
q = const · VLeL ;
• the dependence of the strength q on the porosity takes the form
q = const · Vveη ; and
• the dependence of the strength q on the dry density ρ takes the form
q = const · ρeρ .
In all three cases, we now have a dependence between physical quantities for
which re-scaling makes perfect sense, so it is reasonable to expect that these
each of these dependencies is described by the power law.
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